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want to mention Nuel Belnap, Theodore Hailperin, Craig Harrison, Milton Levy, Elliott Mendelson, N. C. K. Phillips, D. H. Potts, Hilary Staniland and John Wallace. Patrick Supes Stanford, California June 1972 Preface to the first edition This book is intended primarily to serve as a textbook for axiomatic set theory courses. The Zermelo-Fraenkel
system is developed in detail. The mathematical prerequisites are minimal; In particular, no prior knowledge of set theory or mathematical logic is assumed. On the other hand, students will need a certain degree of general mathematical refinement, in particular to master the last two chapters. Although a logical notation is used throughout the book,
the evidence is written in an informal style lI lI .itasu etnemetneuqerf ¹Ãip ilobmis ied oirassolg nu otinrof eneiV .omsilobmis ovissecce nu erative id ovitatnet nu ottaf otats ¨Ã The chapters are organized as follows. Chapter 1 provides a brief introduction. Chapter 2 covers general developments and Chapter 3 with reports and functions. There is no
single difficult theorem in these first three chapters and can be covered very quickly in an advanced class. The main pedagogical emphasis is on the exact role of the various axioms introduced in chapter 2, which are summarized at the end of the chapter. Chapter 4 considers the classic topics of set equipment, finite sets and cardinal numbers.
Schrã¶der-Bernstein's theorem is demonstrated at the beginning of the chapter. The development of finite set theory closely follows Alfred Tarski's well-known article of 1924. The theory of the cardinal number is simplified by introducing a special axiom with the effect that the cardinal number of two equipped sets is identical. This axiom is not part
of the standard Zermelo-Fraenkel system, and therefore every definition or theorem that depends on it has been marked by the symbol ", but it leads to such a simple and natural development that I that I feel that its introduction is completely justified. Chapter 5 covers some of the same terrain from another viewpoint. Natural numbers are defined as
neat von Neumann and the theory of recurring definitions is developed. The axiom of the infinite is introduced and the final section covers the basic facts on denumerable sets. In chapter 6, the standard construction of rational and real numbers is provided in detail. The cauchy sequences of rational numbers instead of dedekind cuts are used to define
real numbers. Most of the elementary facts on the power sets of the continuum are demonstrated in the final section. Why for many courses in scenario theory will not be feasible in time assigned to include the construction of real numbers or why the topic can be assigned tocourses, the book has been written so that this chapter canomitted without
loss of continuity. Chapter 7 covers transfinite induction and ordinal arithmetic. The treatment of induction and definition transfined by transfinite recursion is one of the most detailed in the press. Numerous variant formulations have been given in the hope that their subsequent consideration will clarify for the student the essential character of the
transfinished processes. The axiom scheme of replacement is introduced in relation to the establishment of an appropriate recursion scheme to define the ordinal addition. The most familiar facts about Alephs and well-ordered sets are demonstrated in the last part of the chapter. Chapter 8 deals mainly with the axiom of choice and its equivalents,
such as the maximum principle of Hausdorff and the Zorn lemma. Important facts whose known evidence requires the axiom of choice are also differed until this chapter. A typical example is the identity of the ordinary and dedekind infinite. Although the list of references at the end of the book is small compared to the one indicated in Fraenkel's
abstract set theory, I have attempted to refer to many of the most important articles for the topics considered. Since the theory of sets, even perhaps the theory of axiomatic sets, is finally becoming a firm point of the intellectual tariff of every young mathematician, it is of some historical interest to note that most of the articles to which reference is
made in the text was published before the text in 1930 I hope this book proves useful in relation to different types of courses. A semester mathematics course in the theory of environments for seniors or first year graduate students should be able to cover the entire book with the exception perhaps of chapter 6 philosophy courses. The construction of
natural numbers as finite cardinals. The material in the first sixFinishing with the construction of the royal royal is suitable for a course of university mathematics in the foundations of analysis, or as an auxiliary reading for the course in the theory of functions of a real variable. This book began in 1954 as a set of conference notes. I have reviewed the
original version at least four times and in the process they have taken great benefit from the criticism and observations of many people. I particularly thank Michael Dummett, John W. Gray, Robert McNaughton, John Myhill, Raphael M. Robinson, Richard Robinson, Herman and Jean Rubin, Dana Scott, J. F. Thomson and Karol Valpreda Walsh. During
the academic year 1957-58 Joseph Ullian used a mimeographic version in Stanford, and most of his many criticisms and useful corrections were incorporated. As in the case of my Introduction to Logic, I owe too much gratitude to measure Robert Vaught for his detailed and penetrating comments on the next final draft. David Lipsich read gallley's
evidence and suggested several desirable changes most of which could be hosted. Mrs. Louise Thursby has typed with accuracy and patience more versions of the text I care to remember. Mrs. Blair McKnight was very helpful in reading evidence and preparing indexes. Any errors that remain are my sole responsibility. PATRICK SUPPES Stanford,
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ã ¢ Â§ 1.1 Set Theory and the Foundations of Mathematics. Among the many branches of the theory of the modern mathematical series it occupies a unique place: with some rare exceptions the entities that are studied and analyzed in mathematics can be considered as some sets or particular classes of objects.* Cié means that the various branches of
mathematics can be formally defined within the theory of sets. As a result, many fundamental questions about the nature of mathematics can be reduced to questions about the theory of sets. The mathematician who works, as well as man in the street, rarely deals with the unusual question: what is a number? But the attempt to answer this question
has precisely motivated most of the mathematician and philosophers work in the bases of mathematics in the last hundred years. Characterization of the whole, numbers numbers and real numbers has been a central problem for the classical researches of Weierstrass, Dedekind, Kronecker, Frege, Peano, Russell, Whitehead, Brouwer, and others.
Perplexities about the nature of number did not originate in the nineteenth century. One of the most magnificent contributions of ancient Greek mathematics was Eudoxus¢ÃÂÂ theory of proportion, expounded in Book V of Euclid¢ÃÂÂs Elements; the main aim of Eudoxus was to give a rigorous treatment of irrational quantities like the geometric
mean of 1 and 2. It may indeed be said that the detailed development from the general axioms of set theory of number theory and analysis is very much in the spirit of Eudoxus. Yet the real development of set theory was not generated directly by an attempt to answer this central problem of the nature of number, but by the researches of Georg Cantor
around 1870 in the theory of infinite series and related topics of analysis.* Cantor, who is usually considered the founder of set theory as a mathematical discipline, was led by his work into a consideration of infinite sets or classes of arbitrary character. In 1874 he published his famous proof that the set of real numbers cannot be put into one-one
correspondence with the set of natural numbers (the non-negative integers). In 1878 he introduced the fundamental notion of two sets being equipollent or having the same power (MÃ¤Âchtigkeit) if they can be put into one-one correspondence with each other. Clearly two finite sets have the same power just when they have the same number of
members. Thus the notion of power leads in the case of infinite sets to a generalization of the notion of a natural number to that of an infinite cardinal number. Development of the general theory of transfinite numbers was one of the great accomplishments of Cantor¢ÃÂÂs mathematical researches. Technical consideration of the many basic concepts
of set theory introduced by Cantor will be given due course. From the standpoint of the foundations of mathematics the philosophically revolutionary aspect of Cantor¢ÃÂÂs work was his bold insistence on the actual infinite, that is, on the existence of infinite sets as mathematical objects on a par with numbers and finite sets. Historically the concept
of infinity has played a role in the literature of the foundations of mathematics as important as that of the concept of number. There is scarcely a serious philosopher of mathematics since Aristotle who has not been much exercised about this difficult concept. Any book on set theory is naturally expected to provide an exact analysis of the concepts of
number and infinity. But other topics, some controversial and important in foundations research, are also a traditional part of the subject and are consequently treated in the chapters that follow. Typical are algebra of sets, general theory of relations, ordering relations in particular, functions, finite sets, cardinal numbers, infinite sets, ordinal
arithmetic, transfinite induction, definition by transfinite recursion, axiom of choice, Zorn¢ÃÂÂs Lemma. At this point the reader is not expected to know what these phrases mean, but such a list may still give a clue to the more detailed contents of this book. In this book set theory is developed axiomatically rather than intuitively. Several
considerations have guided the choice of an axiomatic approach. One is the author¢ÃÂÂs opinion that the axiomatic development of set theory is among the most impressive accomplishments of modern mathematics. Concepts which were vague and unpleasantly inexact for decades and sometimes even centuries can be given a precise meaning.
Adequate axioms for set theory provide one clear, constructive answer to the question: Exactly what assumptions, beyond those of elementary logic, are required as a basis for modern mathematics? The most pressing consideration, however, is the discovery, :otaiggelobmis ¨Ã 0 = y + x ehc elat y onu etnemattase ¨Ã'c x ingo reP :esarf aL
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formula is bound if and only if this occurrence is within the scope of a quantifier using this variable. An occurrence of a variable in a formula is free if not bound. Finally, a variable is a bound variable in a formula if and only if at least one occurrence is bound; it is a free variable in a formula if and only if at least one occurrence is free. In formula (1) of
this section all variables are bound; in (3) all variables are free; in (4) ¢ÃÂÂx¢ÃÂÂ is bound and ¢ÃÂÂy¢ÃÂÂ is free. By virtue of the convention stated in the preceding paragraph concerning omission of universal quantifiers in axioms and theorems, all variables occurring in axioms and theorems are bound. Ã§Â 1.3 Axiom Schema of Abstraction and
Russell¢ÃÂÂs Paradox. In his initial development of set theory, Cantor did not work explicitly from axioms. However, analysis of his proofs indicates that almost all of the theorems proved by him can be derived from three axioms: (i) The axiom of extensionality for sets, which asserts that two sets are identical if they have the same members; (ii) the
axiom of abstraction, which states that given any property there exists a set whose members are just those entities having that property; (iii) the axiom of choice, which will not be formulated at this point and is not pertinent to our discussion of the paradoxes. The source of trouble is the axiom of abstraction. The first explicit formulation of it seems to
be as Axiom V in Frege [1893]. In 1901 Bertrand Russell discovered that a contradiction could be derived from this axiom by considering the set of all things which have the property of not being members of themselves.* Because this paradox was historically important in motivating the development of new, restricted axioms for set theory, its
derivation will be given here. For symbolic formulation we need to introduce the binary predicate ¢ÃÂÂ¢ÃÂÂ¢ÃÂÂ of set membership. The formula ¢ÃÂÂx¢ÃÂÂy¢ÃÂÂ is read is a member of y¢ÃÂÂ, ¢ÃÂÂx belongs to y¢ÃÂÂ or sometimes, ¢ÃÂÂx is in y¢ÃÂÂ Thus, if A is the set of first five odd positive integers, the sentence ¢ÃÂÂ7¢ÃÂÂA¢ÃÂÂ is true
and ¢ÃÂÂ6¢ÃÂÂA¢ÃÂÂ is false. Using ¢ÃÂÂ¢ÃÂÂ¢ÃÂÂ and the logical notation introduced in the previous section, we may give a precise formulation of the axiom of abstraction: where it is understood that ÃÂ(x) is a formula in which the variable ¢ÃÂÂy¢ÃÂÂ is not free. To obtain Russell¢ÃÂÂs paradox, we want ÃÂ(x) to assert that x is not a member
of itself. The appropriate formula is clearly: ¢ÃÂÂ(x ¢ÃÂÂ x). We then have as an instance of the axiom of abstraction: Taking x = y in (2), we infer: which is logically equivalent to the contradiction: This simple derivation has far-reaching consequences for the axiomatic foundations of set theory. It plainly shows that in admitting (1) as an axiom we
have granted too much. If we adhere to ordinary logic we cannot in a self-consistent manner claim that for every property there is a corresponding set of things having that property. In considering how to build anew the foundations of set theory, perhaps the first thing to notice is that the axiom of abstraction is really an infinite bundle of axioms
rather than a single axiom: when we replace the expression ¢ÃÂÂÃÂ(x)¢ÃÂÂ in (1) by any formula in which ¢ÃÂÂy¢ÃÂÂ is not a free variable, we have a new axiom. An axiom which permits this sort of blanket substitution of formulas is usually called an axiom schema. The reason for using the word ¢ÃÂÂschema¢ÃÂÂ should be obvious. As it stands (1)
is not a definite assertion, but a scheme for making many assertions. From the schema we obtain a definite assertion by substituting a definite formula for ÃÂ(x)¢ÃÂÂ. The axiom schema which we shall use is due to Ernst Zermelo [1908], and is usually called the axiom schema of separation (Aussonderung Axiom) because it permits us to separate off
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eht evah hcihw slamina Fo tes eht fo ecnetsixe eht three ot notitarapes fo-eht slamina slamina slamina slamis Fo gnitsnoc tes Eht Eht (here set theory) that application of an axiom schema like that of separation may be made precise. Zermelo [1908] originally formulated the axiom schema of separation in terms of questions or statements which have
the property of being definite. Roughly speaking, he said that a statement is definite if it can be decided in a non-arbitrary manner whether or not any object satisfies the statement.* His formulation of the axiom schema is then (slightly paraphrased): If a statement ÃÂ(x) is definite for all elements of a set M, then there is always a subset MÃÂ of M
which contains exactly those elements x of M for which ÃÂ(x) is true. The first real clarification of this notion of definiteness was given by Skolem [1922], who characterizes definite statements as just those which satisfy satisfy
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